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In model 1 [1], we consider a three-mass system consisting of a central mass and two
external masses . The ends of the external masses are elastically mounted by using springs
of variable stiffness. The scheme of this model is shown in Figure 1. The central mass m
and the external masses m1 and mo represent reduced concentrated masses of body elements
while the connecting springs simulate their elasticity. The springs have constant stiffness k.
The linear viscous damping of the external masses mi and ms have coefficient b,, while the
variable stiffness is periodically varying in time as k,(1+¢ coswt). The central mass m is self-
excited by flow with a negative linear damping coefficient —b and damped by the non-linear
speed-dependent damping with coefficient ¢. The deflections from equilibrium positions are
Yj (j=1,2,3).

In model 2, the system also consists of a central mass and two external masses, see Figure 2.
The coordinates of masses m;, ¢ = 1, 2, 3 are denoted by y;. The central mass and the external
masses are connected by springs with the same constant stiffness k. The flow-generated self-
excited force is acting on the external masses m; and meo; it is represented by Rayleigh force
in the form bU(1 — %yl?)yi, ¢t = 1,3, where b and ~, are positive coefficients and U is the
flow velocity. The linear viscous damping of the central mass m has coefficient b,, while the
variable stiffness is periodically varying in time as k,(1 + € coswt).

In Figure 3, we consider a three mass system of model 3 where one of the ends of the
external masses is mounted by using a spring of variable stiffness. A flow induced-vibration
is acting on the external mass m, and the central mass m with the negative linear damping
—by and —bg, respectively. The connecting springs have the same constant stiffness k. The
external mass me is supported by a spring with constant stiffness k, and a linear viscous
damper with damping parameter b,,.

The considered system of model 1 is governed by the following differential equations:

migj1 + by + ko(1 +ecoswt)ys + k(y1 —y2) =0
(1) mijy — bU*(1 — ¢ + 2kya — k(y1 + y3) =0
m2y3 + boy'S + ko(l + € cos Wt)y?) + k(y?: - y2) =0
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The system of model 2 is governed by the following differential equations:

mig + k(2y1 — y2) — bU(1 — v91)in = 0
mio + k(2y2 — (y1 + y3)) + ko(1 + £ coswt)ys + boge = 0
maiis + k(2yz — y2) — bU(1 — Y9313 =

The system of model 3 is governed by the following differential equations:

FiGURE 1.

math + k(y1 — y2) — b1(1 —7o91)t1 = 0
matia + k(y1 — ya) + k2(y2 +y3) — b2 (1 — 7o93)02 + botia = 0
mais — k(y2 — y3) + ko(1 + ecoswt)ys =0

K=k, (1+€cos 0T)

K=k, (1+€cos OT)

Model 1, the schematic representation of the three-mass chain system.
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FIGURE 2. Model 2, the schematic representation of the three-mass chain system.

K=kO (1+€ coswr)

FiGURE 3. Model 3, the schematic representation of the three-mass chain system.
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1. ANALYSIS OF MODEL 1
Tondl and Nabergoj [2] have been studied the case when m; = mg = m,. Using the time
transformation 7 = w,t, where w, = \/m and the linear transformation
Y1 =21 +x2+ 23
(4) Y2 = a1y + asy
Ys =21 +T2— 23

the system (1) can be transformed to two coupled quasi-normal Mathieu equations and one
uncoupled Mathieu equation in the form

1 2 / / !

x7 + Qiz1 + efi(p1, cosnr, x1, 27, T2, Ty, 3, x3) = 0
1 2 / ! !

(5) To + QQxQ + EfQ(/.,LQ,COS 7777$17$1a$27$2>$37$3) =0
1 2 !

z3 + Q323 + € f3(cosnT, 23, 73) = 0

where the normal-mode frequencies depend on the ratio between the masses m, and m. The
parameters 1, po depend on 611, Q1o and 6a, Q21, respectively, where 611, foo are the
damping coefficients, and @12, Q21 are the coefficients of the parametric term. The analysis
of the linear case of system (5) shows that there are two conditions in order to obtain an
interval of the frequency of parametric excitation 7, where the trivial solution is stable. These
conditions are found when the combination resonance 1 = (29 — €21 is considered.

The first condition is

(6) 011 + 022 > 0.
The second condition for the stability interval boundaries is
(7) No—0 <N <M+ 0, No="~82—

where

011 + 022 Q12Q21
8 o=c¢ — — 6116
(8) 01100 60,0, nb

Inside the interval the trivial solution is stable and it is unstable outside. For a more detailed
study see Tondl and Nabergoj [2].
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2. ANALYSIS OF MODEL 2

We study system (2) for the case mq; = ms = m. Using the time transformation 7 = w,t
with w, = /2k/m, system (2) becomes

1 2
Yl +y1— syo —eBVEL — vy )ys =0

2
! 1 2 !
9) Yo + Yo — §(y1 +y3) +q° (1 +ecosnr)yz +epys =0
1 2
Y3 +ys — 592~ eBV3(1 — s )b =0
where
b k b U
(10) ef = /m7 n:i’ q2: O/QWLU27 e = o/TTL7 vz%wg, and V = —
Wo Wo wi Wo Us

System (9) can be transformed into a standard form (11) using the linear transformation (4).
x| + Q%xl + efi(ai,cosnr,x) =0
(11) xh + le‘g + efa(ag,cosnT,x) =0
.I‘g + x3 + Ef3(931,X) =0
where
X = (l‘z‘, = 1,2,3), o = (eijaQij; = 1,2, ] = 1,2).

The x;, 1 = 1,2,3 are the normal coordinates corresponding to free vibrations of the system.
The normal-mode frequencies €21 » and the constant multipliers a; 2 are given by the relations:

1 1
Qo= (+2)F Vgt +2
12) 1.2 2(q + )3F2 q*+ 2,

a12=—q* £ /q* + 2,

where ¢ # 0 and ¢ # 1. We note that Q5 > Q1 >0, a1 > 0, a2 < 0 and

1
fi= m(9i1$/1 + 0i0xh + (Qi1x1 + Qiox2) cosnT
(13) F 2a9.1 BV 3y (3(x) + ab)%a’s + (o) + 25)?)), i =1,2.
1
fs= m(%lfvé +4(ar — ag) BV 2y (2 + ah (2] + 2h)?)

We note that system (13) is an Autoparametric system where x3 = 0 corresponds to the
semi-trivial solution of the system. Next, we use the parameters 611, 022, (Q12, and Qo1,
where

011 = 2(a1p + a2BV?), o = —2(agu + a15V?)

(14) 2 2 2
031 = —2(a1 — a2)BV*, Q2 = 2¢%az, Q21 = —2¢°m1
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2.1. The Normal Form by Averaging. We note that the parametric excitation terms
only occur in the normal coordinates x1, 9. There are three natural frequencies of system
(11), i.e, 24, Q9, and Q3 = 1. Due to occurrence of parametric resonance and self-excitation
of system (11), we consider the external resonance n = Q9 — 1 and the internal resonance
Qs — Q3 — 201 = 0. Transforming ¢ — 57 and allowing detuning near 7, by putting

(15) N="1o+Eq, 1o ="0 — N
we then transform system (11) by using Lagrange transformation,

(16) T; = u; cos w;t + v; sin wjt,
16 . .
T1 = —w;u,; sSin w;t + w;v; cos w;t,

for i =1,2,3 and w; = % We use again the dot to indicate derivation with respect to the
re-scaled time. After averaging over 27 and then rescaling time through m, the first
order in ¢ of the averaged system is of the form;

(17) U = AU + F(U)

where U is a vector (u;,v;, i = 1,2,3) and F is a vector function (f;, 7 = 1..6). The function
F only contains a cubic nonlinearity. The constant 6 x 6-matrix A is in the form

A A 0
(18) A= A9 Ao 0
0 0 Asj

where A;j, 4,7 = 1,2, ) and As3 are 2 x 2-matrix. System (17) can be reduced to the
five-dimension system by transforming the system using the following transformation,

(19) u; = —R;cosv;, and v; = R;sinvy;, i=1,2,3.

This transformation is useful for studying the semitrivial solution (zi,z2,0) of system (12)
when x1 # 0, x9 # 0.

2.2. The Semitrivial solution. Consider )\;, ¢ = 1..6 which are the eigenvalues of matrix
A. We find that the real parts of A5 and A\g of the trivial solution are positive. Then, the
trivial solution of system (17) is always unstable. Let (z19,220,0) be a semitrivial solution
of system (17), where z19, x99 correspond with the non-trivial solutions R1g, Rag, and ¥ of
the following system
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B=0.04

I

FIGURE 4. The parameter diagram in the (3, u)-plane for fixed ¢ = 0.85,
V =+/2,7 =1, and ¢ = 0.1 for nontrivial fixed points of system (20). We find
that there is no fixed point in region I. One fixed point Rgy exists in region
II. There are two fixed points Rg1 and Rgz in region III. The line g = 0.04 is
used in the numerical example in Figure 5.

. 1 3 1
Ry = —0unoR1 + 5%32 sin(¥) + §a2ang’R1(§WfRf +wR3)

1

. 1 3 1

(20) Ry = —629m,Ro — 5%}31 sinW — §a1an§R2(w%R% + Ew%Rg)

2

. 1

U =2(a; — a2)n.d + —(%& - @@)COS .

When we take Ry = 0, Ry = 0, and ¥ = 0, we obtain fixed points of system (20). They
correspond with periodic solutions of system (17).

The fixed points of system (20) are obtained by intersecting z; and zy, where z; Nzo = ()
for 69 < 6 < g1 and g2 < 0 and &1 > 0. The explicit expression for 7; (i = 1,2) can be found
from equation (77).

Figure 5 shows the existence of the fixed point Ry when the parameter i is varied along line
B = 0.04. There is no fixed point of system (20) for x> 0.10736. The fixed point Rgl exists
in the interval 0.05987 < p < 0.10736. There are two fixed points Rg; and Ry, in the interval
0.02219 < p < 0.05987. Two fixed points Rg; and Ro2™ exist for 0 < p < 0.02219. The
Rg and R show that the fixed point Ry is attracting and it is non attracting, respectively,
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FIGURE 5. The existence of the fixed point Rg of system (17), for fixed
q=085 V=42 v=1,¢=0.1, and § = 0.04, (a) in the (i, R1)-plane and
(b) in the (p, R2)-plane. There is no fixed point for ;1 > 0.10736. There is one
solution Rg; for 0.05987 < p < 0.10736. There are two solutions Rg; and Ry,
in the interval 0.02219 < p < 0.05987. Two solutions Rg; and Roz ™~ exist for
0 < p < 0.02219. The solid curve shows that the solution Ry is attracting in
the (R, R2)-plane. The dashed curve shows that it is non attracting.

in the (Ry, Rg)-plane. The solid curve shows that the fixed point Ry is attracting in the
(R1, R2)-plane. The dashed curve shows that it is non attracting. We note that the fixed
point (Ry,0) is always unstable in the full system.

In a further study one has to analyze the behavior of this unstable semitrivial solution
(Ro, 0) in the full system.



