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PRIMITIVE IDEALS OF TOEPLITZ

ALGEBRAS OF ORDERED GROUPS

Rizky Rosjanuardi

Abstract. The topology on primitive ideal space of Toeplitz algebras of totally

ordered abelian groups can be identified through the upwards-looking topology if

and only if the chain of order ideals is well-ordered. We describe the topology on

primitive ideal space of Toeplitz algebra of totally ordered abelian groups when the

chain of order ideals is not well ordered.

1 Introduction

Investigation on ideals structure of C∗-algebras is always an interesting
topic. This is motivated by investigations on ideal structure of com-
mutative C∗-algebra which turns out to be a very beautiful conclusion.
Gelfand and Naimark proved that there is only one (up to isomor-
phisms) commutative C∗-algebra, i.e. the algebra C(∆) consists of all
continuous functions on a maximal ideal ∆. Attempts to make analo-
gies of theory of Gelfand and Naimark are highly depend on particular
algebras, and have led ones to investigate ideals structure in general
and primitive ideals, for example in the case of Toepltz algebra, see
[2, 13, 4].

Suppose Γ+ is the positive cone of a totally ordered abelian group
Γ. We now recall the notion of Toeplitz algebra. Denote by ex the
characteristic function of the singleton set {x}. The set {ex : x ∈
Γ+} is then the usual basis for the Hilbert space `2(Γ+). For every
x ∈ Γ+, denote by Tx the isometric linear operator on `2(Γ+) which
satisfies Tx(ey) = ey+x for every y ∈ Γ+. The Toeplitz algebra of Γ is
the universal C∗-subalgebra T (Γ) of B(`2(Γ+)) generated by operators
{Tx : x ∈ Γ+}.

In [2] Adji and Raeburn investigate primitive ideals of Toeplitz alge-
bra T (Γ) of totally ordered abelian group Γ. This covers groups which
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are not finitely generated, which is more general than those considered
by Murphy [10]. Adji and Raeburn [2] show that each irreducible rep-
resentation of the Toeplitz algebra T (Γ) factors through an irreducible
representation of T (Γ/I) for some I ∈ Σ(Γ), and that there is a bijec-
tion map L of the disjoint union X :=

⊔
{Î : I ∈ Σ(Γ)} onto the set

Prim T (Γ) of primitive ideals of T (Γ). Further they show that under
certain hypotheses, the map L is a homeomorphism. Later Adji, Rae-
burn and Rosjanuardi [13, 4] showed that the homeomorphism could be
established under weaker hypotheses. The hypothesis is on the chain
of order ideals Σ(Γ) of totally ordered abelian groups Γ. In [13, 4], the
hypothesis on Σ(Γ) is well ordered, which is weaker than isomorphis to
a subset of N ∪ {∞} as required in [2].

As it is pointed out in [4, Remark 4.3], that in general, though,
the structure of Σ(Γ) could be more complicated than that Σ(Γ) is
well ordered. In this paper we figure out the topology on Prim T (Γ)
for more general Γ. Our main results are basically applications of
theorems in [4].

2 Order Ideals in a Totally Ordered Abelian

Group

Suppose (Γ, +) is a discrete abelian group. A partial ordering on Γ
is a binary relation ≥ on Γ such that for every x, y, z ∈ G satisfy these
properties:

(i) x ≥ x (reflexive).

(ii) If x ≥ y and y ≥ x then x = y (antisymmetric).

(iii) If x ≥ y and y ≥ z then x ≥ z (transitive).

If every 2 elements of Γ are comparable i.e x ≤ y or y ≤ x for every
x, y ∈ Γ, we call the relation ≤ is a total ordering on Γ. The group
Γ is then called a totally ordered discrete abelian group or just
ordered group when the context is clear. The positive cone Γ+ of Γ
is {x ∈ Γ : x ≥ 0}, it is a semigroup, because it inherits all properties
of group Γ, except the existence of inverse.

Suppose (Γ1,≤1), (Γ2,≤2) are totally ordered abelian groups. A
group homomorphism ϕ : Γ1 −→ Γ2 is called an order homomor-
phism if it is order preserving, i.e if x ≤1 y implies ϕ(x) ≤2 ϕ(y) for
every x, y ∈ Γ1. In other language we have ϕ(Γ+

1 ) ⊆ Γ+
2 .

An order ideal of a totally ordered abelian group Γ is a subgroup
I which is order preserving, in the sense that if x ∈ Γ+, y ∈ I+ with
x ≤ y then x ∈ I. The set Σ(Γ) of order ideals is totally ordered by
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inclusion. To see this, let I, J ∈ Σ(Γ). Suppose there is an element
y ∈ J+ − I. This forces 0 < x ≤ y for all x ∈ I+ (because if there is
x0 ∈ I+ such that 0 < y < x0 then y ∈ I which is a contradiction),
thus I+ ⊆ J+. Therefore I ⊆ J . In case J+ − I = ∅, it means that
J+ ⊆ I+. Thus J ⊆ I.

The quotient group Γ/I is defined in the similar manner of usual
quotient group, and there is a quotient order on Γ/I defined by

xI ≤ yI ⇔ ∃i ∈ I such that x ≤ y + i,

this is also a total order. Moreover, if q : Γ −→ Γ/I is the quotient
homomorphism then q(Γ+) = (Γ/I)+.

A totally ordered abelian group (Γ,≤) is called Archimedean if
for every x, y ∈ Γ+ there is n ∈ N such that y ≤ nx. Fuchs in
[6][Theorem 1, p.47] verified that a totally ordered Γ is Archimedean
if and only if it is simple (its only order ideals are 0 and Γ).

Lemma 1. Suppose I is a nontrivial order ideal of a totally ordered
abelian group Γ. Then every nontrivial ideal of Γ/I is of the form J/I
where J ∈ Σ(Γ), and J ) I.

Proof. Suppose the contrary. If J j I, then J/I is a trivial ideal which
is a contradiction. If J 6∈ Σ(Γ), then there is y ∈ J+ and x ∈ Γ such
that 0 < x ≤ y, but x 6∈ J . The quotient order implies that

I < x + I ≤ y + I.

But then x + I 6∈ J/I, because x 6∈ J . This implies that J/I is not an
order ideal, and this contradicts the fact that J/I ∈ Σ(Γ/I).

Lemma 2. Let I be an order ideal of a totally ordered abelian group
Γ. Suppose J1 and J2 are ideals such that J1/I ⊆ J2/I. Then J1 ⊆ J2.

Proof. Suppose the contrary; J1 * J2. Then there is an element x of
J1 which is not in J2. This implies that x+I ∈ J1/I, but x+I 6∈ J2/I.
This is impossible, because J1/I ⊆ J2/I.

3 Primitive Ideals of Toeplitz Algebras

Adji and Raeburn in [2] study the ideal structure of the Toeplitz al-
gebras of a totally ordered abelian groups. We shall give an overview
of what they have done. Suppose Γ is a totally ordered abelian group.
The set Σ(Γ) of order ideals is a totally ordered by inclusion. They show
in Theorem 3.1 that each irreducible representation of the Toeplitz al-
gebra T (Γ) factors through an irreducible representation of T (Γ/I) for
some I ∈ Σ(Γ), and that there is a bijection map L of the disjoint
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union X :=
⊔
{Î : I ∈ Σ(Γ)} onto the set Prim T (Γ) of primitive

ideals of T (Γ). To see how L is defined, let I be an order ideal of

Γ. Then the map x 7−→ T
Γ/I
x+I is an isometric representation of Γ+ in

T (Γ/I). Therefore by the universality of T (Γ), there is a homomor-

phism QI : T (Γ) −→ T (Γ/I) such that QI(T
Γ
x ) = T

Γ/I
x+I , and that QI

is surjective. Suppose C(Γ, I) denotes the ideal in T (Γ) generated by
{TuT

∗
u − TvT

∗
v : v − u ∈ I+}. It is proved in [12, Theorem 3.1] that

there is a short exact sequence of C∗-algebras:

0 → C(Γ, I) → T (Γ)
φI→ IndΓ̂

I⊥(T (Γ/I), αΓ/I) → 0. (3.1)

in which φI(a)(γ) = QI ◦ (αΓ
γ )−1(a) for a ∈ T (Γ), γ ∈ Γ̂, and αΓ

γ

is dual action of Γ̂ on T (Γ) characterised by αΓ
γ (Tx) = γ(x)Tx . The

identity representation T Γ/I of T (Γ/I) is irreducible [9], it follows from
[14, Proposition 6.16] that ker QI ◦ (αΓ

γ )−1 is a primitive ideal of T (Γ).
Moreover since

QI ◦ αΓ
χ = αΓ/I

χ ◦QI for χ ∈ I⊥ = ˆΓ/I, (3.2)

the map γ 7−→ ker QI ◦ α−1
γ is constant on I⊥ cosets in Γ̂. Therefore it

induces a well defined map L of Î = Γ̂/I⊥ into Prim T (Γ). They write
L(I, γ) for the image of γ ∈ Î, so that

L(I, γ) := ker QI ◦ αΓ
ν

−1
where ν ∈ Γ̂ satisfies ν|I = γ, (3.3)

and then they prove in Theorem 3.1 that L is a bijection.

Using the bijection L : (I, γ) ∈ X 7−→ ker QI ◦ αΓ
ν
−1 ∈ Prim T (Γ),

Adji and Raeburn describe a new topology on X which corresponds
to the hull-kernel topology on Prim T (Γ). This new tology, is later
called the upwards-looking topology. They topologise X by specifying
the closure operation as stated in the following definition.

Definition 3. [2] The closure F of a subset F of X is the set consisting
of all pairs (J, γ) where J is an order ideal and γ ∈ Ĵ such that for
every open neighbourhood N of γ in Ĵ , there exists I ∈ Σ(Γ) and
χ ∈ N for which I ⊂ J and (I, χ|I) ∈ F .

They prove that this is the hull-kernel topology of Prim T (Γ) when
Γ is a group such that the set Σ(Γ) of order ideal is order isomorphic
to a subset of N ∪ {∞}. The proof rely on the case-by-case analy-
sis depending on the set Σ(Γ) of order ideals of Γ. Beginning with
the groups Γ where Σ(Γ) is finite, this includes all finitely generated
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ordered groups (hence lexicographic finite direct sum of Archimedean
ordered groups), they show in Corollary 4.6 the map L is a homeomor-
phism. It is pointed out in Example 2.1 that the hypothesis finite Σ(Γ)
is in fact more general than lexicographic direct sum: there is a group
Γ which Σ(Γ) is finite but Γ is not lexicographic direct sum. They then
considered the case where Σ(Γ) is infinite. It is proved in Proposition
4.7 that if Σ(Γ) is isomorphic to a subset of N ∪ {+∞}, the topology
of Prim T (Γ) can be described by the topology on X. However be-
yond the hypothesis, there are found problems, for examples: if Γ =
antilexicographic direct sums over N they could have Γ =

⋃
n∈ N In, or

if Γ = lexicographic direct sums over N then
⋂

n∈ N In could be {0}.
It is given in Theorem 4.13 that if Σ(Γ) is isomorphic to a subset of
{−∞} ∪ Z ∪ {+∞}, which will include all the two examples, then the
topology of Prim T (Γ) can be described by firstly amending the topol-
ogy they defined on X.

In [4], Raeburn and his collaborators extended the results in [2].
Their main theorem, says that Prim T (Γ) is homeomorphic to X(Γ)
with the upwards-looking topology if and only if the totally ordered
set Σ(Γ) is well-ordered in the sense that every non-empty subset has
a least element. They uses the structure theorem, and a new general
result on the upwards-looking topology ([4, Proposition 3.3]). The
proof of Proposition 3.3 uses classical Toeplitz operators as well as the
universal property of T (Γ) which was the main tool in [2]. Then they
described Prim T (Γ) when parts of Σ(Γ) are well-ordered.

Our interest is describe the primitive ideal spaces T (Γ) when Σ(Γ)
is not well ordered. To prepare for the proofs of our results, we recall
from [4] some general results relating the upwards-looking topology to
the topology on Prim(T (Γ) when parts of Σ(Γ) are well ordered.

Theorem 4. Let Γ be a totally ordered abelian group, and denote by
X(Γ) the disjoint union

⊔
{Î : I ∈ Σ(Γ)}. The map L : X(Γ) →

Prim T (Γ) is a homeomorphism for the upwards-looking topology on
X(Γ) if and only if Σ(Γ) is well-ordered.

Proof. This is proved in Theorem 3.1 of [4]

Theorem 5. Let Γ be a totally ordered abelian group and I an order
ideal in Γ. Suppose that Σ(Γ/I) is well-ordered, and give the set

X(Γ, I) :=
⊔
{Ĵ : J ∈ Σ(Γ), I ⊂ J}

the upwards-looking topology. Then L : X(Γ, I) → Prim T (Γ) is a
homeomorphism of X(Γ, I) onto the closed subset {P ∈ Prim T (Γ) :
C(Γ, I) ⊂ P}.
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Proof. This is proved in Theorem 4.1 (b) of [4].

Proposition 6. Suppose that Γ is a totally ordered abelian group such
that the chain Σ(Γ) of order ideals in Γ is isomorphic to a subset of
{−∞} ∪ Z ∪ {∞}. For any I ∈ Σ(Γ), the mapping LΓ/I is a homeo-
morphism of X(Γ/I) onto Prim T (Γ/I).

Proof. Let I ∈ Σ(Γ). Lemma 1 implies that the chain of order ideals
in Γ/I is

I ⊂ J1/I ⊂ J2/I ⊂ ...,

where Ji ∈ Σ(Γ) and I ⊂ Ji ⊂ Ji+1. Hence Σ(Γ/I) is well ordered, and
hence LΓ/I is a homeomorphism by Theorem 4.

Theorem 7. Suppose that Γ is a totally ordered abelian group such
that the chain Σ(Γ) of order ideals in Γ is isomorphic to a subset of
{−∞} ∪ Z ∪ {∞}. Then for any nonzero ideal I ∈ Σ(Γ), the mapping
LI gives a homeomorphism of t{Ĵ : J ⊃ I} onto {P ∈ Prim T (Γ) :
C(Γ, I) ⊂ P}.

Proof. From Proposition 6, LΓ/I is a homemomorphism of X(Γ/I) onto
Prim T (Γ/I). Hence LI is a homemomorphism by Theorem 5

Proposition 8. Suppose that Γ is a totally ordered abelian group, and
let I be an order ideal in Γ such that every oreder ideal J ⊇ I has
a successor. Then the mapping LΓ/I is a homeomorphism of X(Γ/I)
onto Prim T (Γ/I).

Proof. Let I ∈ Σ(Γ) such that every order ideal J ⊇ I has a successor.
Since each nontrivial element of Σ(Γ/I) is of the form J/I for J ∈ Σ(Γ)
and J ) I, every element of Σ(Γ/I) has a successor. This implies that
Σ(Γ/I) is well ordered. Hence LΓ/I is a homeomorphism by Theorem
4.

Theorem 9. Suppose that Γ is a totally ordered abelian group, and
I ∈ Σ(Γ) such that Σ(Γ/I) ∼= {−∞} ∪ Z{∞}. Let J ∈ Σ(Γ) such that
J % I. Then Σ(Γ/J) is well ordered and hence LΓ/J is a homeomor-
phism of X(Γ/J) onto Prim T (Γ/J). Hence L : (K, χ) 7→ L(K, χ) is a
homeomorphism of t{K̂|K ∈ Σ(Γ) : K ⊃ J} onto {P ∈ Prim T (Γ) :
P ⊃ C(Γ, J)}.

Proof. Lemma 1 and Lemma 2 say that we may write

Σ(Γ/I) := {I = J−∞ ⊆ ... ⊆ Jk/I ⊆ Jk+1/I ⊆ ... ⊆ Γ = J∞}.

Now consider the subset

I := {I = J−∞ ⊆ ... ⊆ Jk ⊆ Jk+1 ⊆ ... ⊆ J∞ = Γ}
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of Σ(Γ). If J 6= I be an element of I, i.e J ∈ Σ(Γ) such that J % I, the
set

Σ(Γ/J) = {J ⊆ K1/J ⊆ K2/J...}

is well ordered. Hence LΓ/J is a homeomorphism of X(Γ/J) onto
Prim T (Γ/J) by Theorem 4. The second assertion is guaranteed by
Theorem 5.
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