


VECTOR FUNCTIONS
Later in this chapter, we are going to use

vector functions to describe the motion of
planets and other objects through space.

* Here, we prepare the way by developing
the calculus of vector functions.



VECTOR FUNCTIONS

10.8

Derivatives and Integrals
of Vector Functions

In this section, we will learn how to:

Develop the calculus of vector functions.



DERIVATIVES
The derivative r’ of a vector function

Is defined In much the same way as for
real-valued functions.



DERIVATIVE Equation 1

dr r(t+h)—r(t)

—=r'(t) =lim
dt (1) h—0 h

If this lImit exists.



DERIVATIVE
The geometric significance

of this definition 1s shown as
follows.



SECANT VECTOR
If the points P and Q have position

vectors r(t) and r(t + h), then ﬁj represents
the vector r(t + h) — r(t).

= This can therefore
be regarded as
a secant vector.




DERIVATIVES
f h > 0, the scalar multiple (1/h)(r(t + h) — r(t))
nas the same direction as r(t + h) — r(t).

= As h — O, it appears
that this vector
approaches a vector
that lies on the
tangent line.




TANGENT VECTOR

For this reason, the vector r’(t) is called
the tangent vector to the curve defined by r
at the point P,

provided:

= 1’(t) exists
"r’(t)#0

The tangent vector




TANGENT LINE

The tangent line to C at P Is defined to be
the line through P parallel to the tangent

vector r’(t).

The tangent vector




UNIT TANGENT VECTOR
We will also have occasion to consider

the unit tangent vector:

r'(t)

T(t) =
D=0




DERIVATIVES
The following theorem gives us

a convenient method for computing
the derivative of a vector function r:

= Just differentiate each component of r.



DERIVATIVES Theorem 2
If r(t) = <f(t), g(t), h(t)> =f(t) 1 + g(t) ] + h(t) Kk,
where f, g, and h are differentiable functions,
then:
r’(t) = <F(), g'(t), h(t)>
= f)i+qg(t)]+h()k



DERIVATIVES Proof
r(t)

-l
= lim A—t[r(t + At) —r(t)]

B l!inoAitR f(t+At), g(t+At), h(t+At),) - ( f (t), g(t),h(t)) |

_ Iim< f(t+At)—f(t) g(t+At)—g(t) h(t+At)—h(t)>

At—0 A-t 1 At | At
=<Iim fEra)-fO ;o 9C+A)-9(®) . h(t+At)—h(t)>
At—0 At At—0 At At—0 At

= ('), g'),h'(t))



DERIVATIVES Example 1
a. Find the derivative of
r)=(Q+t3)i+tet)+sin 2tk

b. Find the unit tangent vector at the point
where t = 0.



DERIVATIVES Example 1 a
According to Theorem 2, we differentiate
each component of r:

r’@)=3t2i+ (1 -tet)+2cos 2tk



DERIVATIVES Example 1 b
As r(0) =1 and r’(0) =] + 2k, the unit tangent
vector at the point (1, O, 0) Is:

r'c) J+2k

T0)= | r'(0) | P J1+4
n 1 > 2 9
J5° 5




DERIVATIVES Example 2

For the curve r(t) =+ti+(2-1)j .

find r’(t) and sketch the position vector r(1)
and the tangent vector r’(1).



DERIVATIVES Example 2
We have:

vex | NN

r(t)—zﬁl ]
and

r'(1)=%i—j



DERIVATIVES Example 2
The curve Is a plane curve.

Elimination of the parameter from
the equations x = ﬁ y =2 —tgives:

y=2-x%, x20



DERIVATIVES Example 2
The position vector r(1) =1 + | starts
at the origin.

The tangent vector r’(1)

starts at the VA
corresponding point
(1, 1).




DERIVATIVES Example 3
Find parametric equations for the tangent line
to the helix with parametric equations

t

X=2cost y =sint Z

at the point (0, 1, 7/2).



DERIVATIVES Example 3
The vector equation of the helix Is:

r(t) =<2cost,sint, t>

Thus,
r’(t) =<-2sint,cost, 1>



DERIVATIVES Example 3
The parameter value corresponding to

the point (0, 1, m/2) iIst = /2.

= S0, the tangent vector there is:

r(m/2) = <=2, 0, 1>



DERIVATIVES Example 3
The tangent line Is the line through

(0, 1, /2) parallel to the vector <-2, 0, 1>.

= So, by Equations 2 in Section 10.5,
Its parametric equations are:

X=-2t y=1 z:§+t



DERIVATIVES

The helix and the tangent line In

the Example 3 are shown.

12 +

AX




SECOND DERIVATIVE
Just as for real-valued functions,

the second derivative of a vector function r
IS the derivative of r’, that is, r” = (r’)’.

= For Instance, the second derivative
of the function in Example 3 is:

rn(t) =<{—2 CO0S t, Sin t, 0>



DIFFERENTIATION RULES
The next theorem shows that
the differentiation formulas for real-valued

functions have their counterparts for
vector-valued functions.



DIFFERENTIATION RULES Theorem 3

Suppose:

= U and v are differentiable vector functions
= C IS a scalar

= f s a real-valued function



DIFFERENTIATION RULES Theorem 3
Then,

1. %[u(t) +Vv(t)] = u'(t) + V'(t)
T~ [cu(t)] = cu'(t)
- dt

3, %[f Du)] = f 'Ou(t) + f ')



DIFFERENTIATION RULES Theorem 3

4, %[u(t) V()] =u'(t) - v(t) +u(t) - v'(t)
b. %[u(t) x V()] = u'(t) x v(t) + u(t) x v'(t)

6. %[u( f(t)]=f'(tyu'(f(t)) (Chain Rule)



DIFFERENTIATION RULES
This theorem can be proved either:

= Directly from Definition 1

= By using Theorem 2 and the corresponding
differentiation formulas for real-valued functions



DIFFERENTIATION RULES
The proof of Formula 4 follows.

» The remaining are left as exercises.



FORMULA 4 Proof
Let

u(t) = <1y(1), f5(t), 13(t)>
V(t) = <gl(t)1 gZ(t)1 gS(t)>

= Then, u(t) - v(t)
= fl(t)gl(t) + fz(t)gz(t) + fs(t)gs(t)

— Z f,(t)g;(t)



FORMULA 4 Proof

= S0, the ordinary Product Rule gives:

d d g
) O] = le f,()g; ()
=zi[fi (©)g, (1)

jZIf(Dg(0+f(Dg(0]

|l
= 2 2

f(ogao+§jfax;a)
()va)+ua)v(0



DIFFERENTIATION RULES Example 4
Show that, if [r(t)| = c (a constant),

then r’(t) Is orthogonal to r(t) for all t.



DIFFERENTIATION RULES Example 4
Since

r(t) - r(t) = [r(®)[* = ¢
and c?is a constant,
Formula 4 of Theorem 3 gives:

d
0= E[r(t) ()]

=r'(t)-r{t)+r(t) r'(t)
=2r'(t) - r(t)



DIFFERENTIATION RULES

Thus,
r’(t) - r(t) =0

* This says that r’(t) is orthogonal to r(t).



DIFFERENTIATION RULES
Geometrically, this result says:

= |f a curve lies on a sphere with center
the origin, then the tangent vector r’(t) is
always perpendicular to the position vector r(t).



INTEGRALS
The definite integral of a continuous vector

function r(t) can be defined in much the same
way as for real-valued functions—except that
the integral Is a vector.



INTEGRALS
However, then, we can express

the integral of r in terms of the integrals
of its component functions f, g, and h
as follows.



INTEGRALS

Lbr(t) dt

=lim > r(t) At

n—o0 4
1=1

= Iim (_Zn:f(t?)Atji+£_ang(t?)Atjj
+(Z h(ti*)Atjk




INTEGRALS
Thus,

_[;r(t)dt

- (j:f(t)dt) i +(j:g(t)dt) j +(j:’h(t)dt) K

* This means that we can evaluate an integral of a vector
function by integrating each component function.



INTEGRALS
We can extend the Fundamental Theorem

of Calculus to continuous vector functions:
b
[ rdt=R®], =R(b)-R(a)

* Here, R Is an antiderivative of r, that is, R’(t) = r(t).

= We use the notation I r(t) dt for indefinite integrals
(antiderivatives).



INTEGRALS Example 5
Ifr(t) =2costi+sint] + 2t k, then

[rtydt = GZCostdt) ' Gsintdt) +GZt dt)(

= 2sinti—costj+t°’k +C

where:
C C/is a vector constant of integration
/2 - - :
. _[0 r(t) dt = [23|nt I _COStJ+t2k]g/2
2

—2i+j+ 2k
A



